In this paper we study how the statistical properties of gravitational lenses are modified when galaxy evolution is taken into account. We consider models of the universe in which the cosmological term Λ decreases with time or remains constant, both with and without the evolution of galaxies. We show that the probability of a beam encountering a lens event (lens optical depth)
Introduction
The statistics of gravitational lensing (Fukugita, et.al. 1992 ) has proven to be a powerful tool in constraining models of the universe, especially those with a cosmological constant Λ. A flat universe comes naturally in the inflationary scenario. However estimates of the clustered mass density on large scales suggest that insufficient non-relativistic matter exists to achieve this. In order to reconcile a flat universe with the apparent age of globular cluster and the observed mass density, idea of a non-zero cosmological constant Λ has been invoked (Efstathiou et. al. 1990 ). The inclusion of additional arguments associated with the baryon density of the universe and . However, since every thing that contributes to the vacuum energy acts as a cosmological constant, it cannot just be dropped without serious considerations. Moreover, particle physics expectations for Λ exceed its present value by a factor of order 10 120 . (Carroll, Press and Turner 1992) An alternative to this way of solving the problem is to assume that as the universe evolves, the effective cosmological term also evolves and -4 -decreases to its present value. The idea is that during the evolution of the universe the energy density of the vacuum decays into particles, leading to a decrease of the cosmological constant. For instance, Peebles and Ratra ) considered a spatially flat cosmological model with a scalar field and a power law potential. Such a model produces a Λ -like term decreasing with time. Among the various possibilities, we consider the special class of models proposed by Silveria & Waga (1994) in which a cosmological term decreases with time as Λ ∝ a
, where a is the scale factor.
We examine the effect which the cosmological constant has on the statistics of gravitational lensing. However, there are uncertainties in the study of the statistics of gravitational lensing (Mao 1991 , Fukugita, et.al. 1992 , Fukugita and Turner 1991 . For example, the lens effect depends considerably on how the mass is distributed in the lensing galaxy. Hinshaw & Krauss (1987) showed that the introduction of a core in the isothermal sphere model of a galaxy (non-singular isothermal sphere) can significantly modify the statistical lensing properties. Another issue is regarding the distance formula used. At present there is no general agreement as to which distance formula viz. the angular diameter distance or the Dyer-Roeder distance Roeder 1972, Dyer and Roeder 1973) represents the most realistic case. In order to circumvent this problem therefore, it is crucial -5 -to know whether these uncertainties in the cosmological formalism do not preclude discriminating among cosmological models. To examine this point, we adopt two different distance formulae and then investigate the quantities that do not depend much on the choice.
When predicting the number of gravitational lens systems in a sample of quasar sources, one simplifying assumption usually made is that the comoving number density of galaxies is constant. However, it is an oversimplification to assume that galaxies formed at a single epoch. Therefore we have used a unifying model of galaxy formation which can answer the questions raised by the recent data on high -redshift galaxies. These concern the ages ( and the star formation history) of distant radiogalaxies and the nature of the large number of field galaxies revealed by faint galaxy counts. This model is based on the strong number evolution in addition to pure luminosity evolution of the galaxies (Rocca-Volmerange and Guiderdoni 1990).
In this paper, we study how the various statistical properties of gravitational lenses get changed if we take evolution of galaxies together with both, a constant and a decaying Λ. For completeness we also study the statistical properties of gravitational lenses with a constant and a decaying Λ in the absence of galaxy evolution. The paper is organized is as follows.
In Section 2 we describe the evolutionary model of galaxies. In section 3 the basic equations for gravitational lensing are summarized. Section 4, 5, -6 -6 describe lensing cross-section, optical depth, angular resolution selection effects both in evolutionary and non-evolutionary models. Our conclusions are summarized in section 7.
Evolution Of Galaxies
The evolutionary model we use is the one proposed by Rocca-Volmerange and Guiderdoni (1990) . They suggested a unifying model to explain faint galaxy counts as well as observational properties of distant radiogalaxies.
This new model of galaxy evolution is based on number evolution in addition to pure luminosity evolution. According to this model, the present day galaxies result from the merging of a large number of building blocks and the comoving number of these building blocks evolves as (1 + z) 1.5 . It is argued that the present luminosity function is the well known Schecter Luminosity
where L * is the characteristic luminosity at the knee and φ * a characteristic density. The values of these parameters are fixed in order to fit the current luminosities and densities of galaxies. Then at high z, the comoving number density follows the New Luminosity Function (NLF)
It is seen that the value η = 1.5 gives a fair fit to the data on high redshift galaxies (Rocca-Volmerange and Guiderdoni 1990). The functional form has the following properties:
(i) Self-similarity as suggested by the classical Press-Schecter (1974) prescription.
(ii) conservation of the total comoving mass density.
(iii) evolution of the comoving number density as (1 + z) η and of the knee of the function as
3. Basic Summary Of GL Statistics 3.1.
Constant Vacuum Cosmological Models
The Einstein equations with a constant cosmological term are as follows:
Here ρ m is the mass density; k = -1, 0, +1 for a universe that is respectively open, flat and closed; and a is the scale factor , p is the pressure.
In this model the standard distance and the DR distance are given as follows (Schneider, Ehlers and Falco 1992) .
Standard Distance -The angular diameter distance d(z 1 , z 2 ) between the redshift z 1 , z 2 for a universe in which k = 0 and Ω 0 + λ 0 = 1 is given by,
Here Ω 0 is the total mass density , λ 0 = Λ/3H 
Dyer -Roeder Distance (empty beam)-This is given by
For convenience of comparison we consider, for most cases, four typical choices of the cosmological parameters: Each model is studied using standard distance and DR distance.
Decaying Vacuum Cosmological Models
Following Silveira & Waga (1994), we assume that the cosmic fluid is a non -interacting mixture of non -relativistic matter and radiation. The cosmological term is assumed to be a time dependent quantity, -10 -
where β > 0 is a constant and a is the scale factor at any instant of time, the factor 3 is inserted for mathematical convenience. We also assume that the vacuum decays only into relativistic particles such that matter is conserved (ρ m ∝ a stands for the present value of the conserved radiation density parameter. The Einstein equations for the models we are considering reduce to
where Ω m0 is the matter density parameter, and , between two objects, one with redshift z L and the other with z S , is given by Bloomfield Torres and Waga (1996) .
In the case of open models (k = -1), the angular diameter distance can be expressed as
In the angular diameter distance definition it is assumed that the matter in the universe is homogeneously distributed. However, the gravitational lens effect will not occur in a smooth universe. Only if matter is clumped, as in the real universe, can this effect takes place. A distance formula that takes matter clumping into account was proposed by Roeder (1972, 1973) and is known as the Dyer -Roeder(DR) distance. Here we will consider two extreme cases. We have already discussed the first one in which the smoothness parameter α where 0 ≤ α ≤ 1, is equal to unity (filled -beam DR distance or angular diameter distance). The other extreme case, α = 0, is called the empty-beam DR distance (Schneider, Ehlers and Falco 1992) . For the models under consideration, the empty -beam DR distance is given by
where
Notice that for the same Ω m0 , flat models (Ω m0 + Ω x0 = 1) with m = 2 and open models (Ω x0 = 0), have the same empty -beam distance.
Lensing Cross-Section For SIS Galaxies
The probability of a beam encountering a lensing object is governed by the parameter F (Turner, Ostriker and Gott 1984) which represents the effectiveness of distributed cosmic matter in producing double images. The parameter F is given by
where n 0 is the present comoving number density of lensing galaxies and v is the line of sight velocity dispersion of matter in the galaxy. The
Hubble constant H 0 is normalized by H 0 = 100 h km s −1 Mpc −1 , where 0.4 < h < 1.0. In this section we evaluate F from the statistics of local galaxies, assuming that their properties persist out to distant galaxies. The relationship between v and the luminosity is known empirically, i.e., L ∝ v γ where γ = 4 for elliptical galaxies (Faber and Jackson 1976, de Vaucouleurs and Olson 1982) and γ = 2.6 for spiral galaxies (Tully and Fisher 1977) in the B band.
The Merging Model
Using the luminosity function given by Rocca-Volmerange and
.
Using eq. (15), eq. (16), eq. (17) and eq. (18) we get
which may be written as
For the evolutionary (merging) model, we will write the parameter F as F M .
Here v * is the velocity dispersion corresponding to the characteristic luminosity L * and γ = 4 for elliptical galaxies and γ = 2.6 for spiral galaxies.
According to Fukugita and Turner (1991) ,
(23)
The values of the parameter F * adopted by them and also by using the parameters given by Kochanek (1996) are summarized in detail by Jain D. et.al. (1998) . Nakamura and Suto (1996) have given the new values of (γ, v * ) = (3.3, 175 kms
) for E and SO galaxies and (γ, v * ) = (2.9, 126 kms and α = −1.09. The values of F * with Nakamura and Suto parameters are summarized in detail by Jain D. et. al. (1998) .
The Non -Merging Model
In the Non -Merging model the luminosity function is given by the Schecter luminosity function (SLF) (Schecter 1976)
Using eq. (15), eq. (17), eq. (18), eq. (24) we get
In the non -merging model, we write F as F N M given by
If we take γ = 4, then F M = F N M = F * i.e., F remains same in both the merging and non -merging models.
Optical Depth
The differential probability dτ of a beam encountering a lens in traversing the path of dz L is given by
and n L (0) is the comoving number density. 
Then the critical impact parameter is defined by a cr = D OL β cr and the crosssection is given by
The Merging Model
The differential probability dτ of a lensing event in merging model is obtained by eqs. (21), (27) and (29). We have
where the subscript M denotes a merging model. In the merging model τ /F * is plotted against z S (by using γ = 3.3) in models 3 and 4, both with the standard distance ( fig.1 ) and DR distance ( fig.3 ).
The Non-Merging Model
In the non merging model the optical depth is obtained by using eqs. (26), (27), and (29) ,
-19 -where the subscript NM denotes the non -merging model. In the non merging model τ /F * is plotted against z S in models 1 and 2, both with standard distance ( fig.2 ) and DR distance ( fig.4 ) by using γ = 3.3 . If we take γ = 4, then dτ M = dτ N M i.e., the differential probability remains same in both the merging and non -merging models.
Angular Resolution Selection Effects
Since the earliest considerations of gravitational lensing statistics it has been understood that lens discovery rates will be strongly affected by the ability to resolve multiple source images. In general, expected angular separations of images depend on the lens mass distribution, source redshift, impact parameter, and various cosmological parameters. As pointed out by Gott, Park and Lee (1989) , the case of SIS in a k = 0 universe is very special in that the distribution of image angular separations ∆θ is determined only by distributions of velocity dispersions in the lensing objects. This allows a particularly simple treatment of the angular resolution selection for this model. The image separation for SIS is given by.
Using eq's. (18), (27) and (29) we can then write
6.1. The Merging Model
The differential optical depth of lensing in traversing dz L with the angular separation between φ and φ + dφ in a merging model is obtained by eq.'s (16), (18), (27) and (33) 
where φ = ∆θ 8π(v * /c) 2 and ∆θ = 8π(
After integrating over the lens redshift z L , we obtain the angular separation distribution
For the selection effect on angular image separation, we assume that the lensing event with the separation angle larger than φ c is observed. The fraction of lenses giving an image separation larger than φ c is given by
where Γ(a, x) is the incomplete gamma function defined by
Here we have used α = −1 and γ = 3.3. By taking the merging of galaxies we have plotted dP/dθ in models 3 and 4 for elliptical galaxies, in standard distance ( fig.5 ) and DR distance ( fig.7) respectively. Similarly P (> φ c ) is plotted in models 3 and 4 for elliptical galaxies, in standard distance ( fig.9 ) and DR distance ( fig.11 ).
The Non -Merging Model
In case of non merging model the differential optical depth in traversing dz L with the angular separation between φ and φ + dφ can be easily obtained by using eqs. (18), (24), (27) and (33). We have
We have used α = −1 and γ = 3.3. We plot P (> φ c ) for sources at z s = 3. By taking the non merging of galaxies we have plotted both dP/dθ in model 1 and model 2, for elliptical galaxies, in standard distance ( fig.6 ) and DR distance ( fig.8 ) respectively. Similarly P (> φ c ) is plotted in models 1 and 2 for elliptical galaxies, in standard distance ( fig. 10 ) and DR distance ( fig. 12 ).
Discussion And Conclusions
We have studied statistical properties of gravitational lenses in models in which a cosmological term Λ decreases with time, remains constant, both with the evolution of galaxies and without the evolution of galaxies. Our results may be summarized as follows.
(1) The lensing parameter F in evolutionary model varies as
(2) We have found that the fraction of lensing events that survive the cutoff of the specified angular separation for SIS lenses (P > φ c ) is not affected much by z S or with Ω 0 for the flat (Ω 0 + λ 0 = 1) universe in which Λ remains constant or decreases with time.All the curves overlap each other and it is difficult to distinguish various cases. But when evolution of galaxies is introduced into the luminosity function,all the curves of (P > φ c ) get separated, and the cases of constant Λ and decaying Λ can be distinguished.
Future observation may find this distinction useful in constraining the present value of the cosmological constant. ), which is, in fact, 50 to 120 orders of magnitude below the estimate given by quantum field theory. By assuming a decaying cosmological term, this problem is alleviated, but we have to pay the price by introducing another parameter. Ratra & Quillen (1992) showed that the predicted lensing rate is considerably reduced in certain models in which scalar field plays the role of an effective decaying Λ term. In this paper we have reached the similar conclusion for models in which the cosmological term decreases with time as Λ ∝ a −2 . We have also showed that if we include evolution of galaxies in models with constant Λ or decaying Λ, the optical depth and consequently the lensing frequency decreases further.
(4) It turns out that for γ = 4 the differential probability is the same for merging and non merging model.
(5) Note that the expression of normalized image angular separation distribution for a source at z S used by Bloomfield Torres and Waga (1996) is different from the one used here. The power of the term (
expression is given equal to ( γ 2 α + γ), but from our expression it is equal to ( γ 2 α + 2 + γ 2 ) both in merging and non merging models. For γ = 4 both expressions agree.
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